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Abstract. A new numerical semi-empirical model is
suggested to describe the joint generation of different
types of VLF emissions; namely, hiss and choruses.
The hiss generation is assumed to provide the
convective instability at cyclotron interaction of
energetic particles with VLF waves. The discrete
chorus-like emissions are excited in the process of
absolute instability development (by analogy with back-
wave oscillator) under step-like velocity distribution of
energetic particles. The transition from hiss to discrete
type of generation happens when the efficiency of
convective interaction decreases and the absolute
instability has conditions to start. The model allows us
to describe such features of natural VLF emissions, as:
1) Long-period self-modulation of hiss under weak
input fluxes. 2) Increase of maximum amplitude and
frequency in hiss near beginning of a discrete element.
3) Increase in succession frequency of the chorus
elements with increase of hiss amplitude. 4) Power-law
distributions of time intervals between chorus elements.

1. Introduction
Dissipation of plasma energy by the cyclotron
interaction of energetic particles with low frequency
waves is a widespread phenomenon and often such
interaction results in generation of separate discrete
elements. Examples of such a phenomenon are the
ELF-VLF chorus emissions, which represent sequence
of elements in frequency band 102 - 104 Hz and with
duration 0.1-1 seconds, which are boosted on
frequency. The mechanism of chorus generation is
based on cyclotron interaction of (10-100 keV)
electrons of radiation belts with low frequency waves
near equatorial plane [Bespalov and Trakhtengerts,
1986]. However, the basic problem of chorus
generation, i.e. how the sequence of discrete chorus
elements is formed, is not solved yet. Trakhtengerts
[1999] has offered the solution of this problem on the
basis of a backward-wave oscillatior (BWO) mode of
cyclotron magnetospheric maser. The BWO generation
mode was discovered in electron devices long ago and,
in details, was considered in paper [Ginzburg and
Kuznetsov, 1981].

In [Kozelov et al., 2001] by the data of MAGION-5
satellite in the morning sector at 30-40o from the
equatorial plane it is revealed, that the time intervals
between chorus elements have a power-law distribution
with index ≈1.5. Thus, a physical mechanism of chorus
generation should ensure certain dynamic properties,
which are not included in the frameworks of laboratory
research of BWO. In the previous paper [Kozelov et al.,
2002] we offered an explanation of the dynamics of
VLF chorus emissions as a regime of “on-off” inter-
mittency in the BWO generator, controlled by a noise.

Unlike other known types of intermittency, the “on-off”
intermittency is the only one, which is really dynamical
[Heagy etc., 1994].

In this paper we offer a semi-empirical numerical
model, which enables to reproduce many features of
joint dynamics of VLF hiss and chorus emissions.

2. Numerical model
Let's consider a discrete 1-D set which contains N cells.
With each cell we will associate some velocity of
electrons v|| or (that is equivalent in this model)
corresponding wave frequency f. Each cell at each time
step will be characterized by particle flux F(t) and wave
amplitude A(t). We suppose that in the interaction
region the particle flux may amplify the wave
amplitude in the same cell only, but there are two
reasons for the amplification, which are analogues to
convective and absolute instabilities.

For development of convective instability it is
necessary, that the particles and waves returned to the
interaction region. Let TA be the periods of group
oscillations of wave packet, TF be the periods of bounce
oscillations of energetic particles. An elementary time
of the interaction we shall take equal to T0 (~ 0.1s).
Then the particle orbit consists of TF /T0 cells, and for
the waves - of TA /T0 cells. The cells sequentially pass
the interaction region in opposite directions (see, Fig.1).
In the interaction region we set the following rules for
changing wave amplitude and particle flux:

A(t) = k (F(t - TF) + Ф) + δA (1)
F(t) = (1 - k) (F(t - TF) + Ф) (2)
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Fig.1. Sketch of feedbacks for ‘convective’
instability.

Here A(t) is the wave amplitude, F(t) is the particle
flux at time step t. Let these values be expressed in
identical energetic units. Then k means a transmission
factor of energy from particle flux to waves. Obviously,
that k is not greater than 1. The external sources are
described by two addends: Ф is the external flux of new
particles, δA=10-6 is the background wave included to
avoid the trivial regime without generation.

Let's consider that       
k = k1+ k2,  (3)
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where the first addend is determined by the convective
instability, the second one - by the absolute instability.

For the convective instability:
k1 = A(t - TA) q,   (4)

where the factor q determines a fraction of the wave
amplitude which has come back to the interaction
region. On the other hand, from (1) and (4) one can see
that

A(t) = A(t - TA) q F(t - TF),
where the product q F (t - TF) is the wave amplification
at the current time step, therefore, the growth rate for
the convective instability is equal to q F(t - TF) /T0. The
q value for each v|| cell is set as an external parameter. It
can be expected, what this value depends on the
anisotropy of  the particle flux and reflection of  the
waves, so q < 0.05. For the cells, in which q = 0, the
convective instability does not work.

For the absolute instability the feedback appears at
exceeding of a certain threshold ∆thr already by the
nearest groups of particles and waves sequentially
passing the interaction region. The efficiency of the
interaction depends on ∆F, which is the height of the
step on the distribution of the particle flux over v||:
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    (5)

Here s≥1 is a nonlinearity parameter; ∆F=Fi(t-T0) -
Fi+1(t-T0), where i is the index of v|| cell. Thus, in this
case the wave from the previous cell is amplified, and
the amplification depends on particle flux in  the
adjacent cell of v||. In this model it is the only
connection between v|| cells.

3. Examples of model dynamics
Let's consider examples of the model dynamics for the
following parameters: N = 40, TF / T0 = 7, TA / T0 = 11,
∆thr = 10, s = 2. The dependence of the q parameter on
the index of v|| cell is shown in Fig.2.

index of v|| cell

Fig.2. Dependence of the q parameter (see,
Eq.4) on the index of v|| cell.

Let's set a constant particle flux Ф in all cells of the
system. As the parallel velocity of particles in the
numerical model is uniquely connected to the frequency

of the corresponding wave, it is convenient to present
dynamics of the system by “a dynamical spectrum”, the
axis of frequencies for which being just the inverted
axis of v||. Examples of such spectra for wave amplitude
A in a steady regime for several values of Ф are
presented in Fig.3. The time scale is expressed in
periods of T0.

We note several features of the model dynamics
having analogies in VLF observations:

1) Hiss-like generation in the bottom half of the
frequency range.

2) Chorus-like discrete elements in the top half of
the frequency range.

3) Long-period self-modulation of hiss under weak
input fluxes, see Fig.3-a,b.

2) Increase of maximum amplitude and frequency in
hiss near beginning of a discrete element, Fig.3 and
Fig.5 (see discussion in section 4.1).

3) Increase in succession frequency of the chorus
elements with increase of hiss amplitude, Fig.3.

4. Discussion
4.1. Formation of step-like distribution

For the case of Ф = 2 the distribution of particle flux F
is presented in Fig.4 the corresponding "dynamic
spectrum" for the wave amplitude being shown in
Fig.3-b. The vertical axes in the figures are the same. It
is seen, that the convective instability at frequencies <
20 leads to distortion of the particle flux and forms a
step-like distribution on the border between the
resonant (for the convective instability) and non-
resonant particles. However, this step-like deformation
appears only in the average flows. It is interesting, that
the slope of this step-like distribution is much greater
than the slope of q(v||) plot, shown in Fig.2.

For more precise illustration, we present in Fig.5 the
distributions of amplitude and particle flux that are
averaged over 30 time points starting from the moments
t = 70, 110, 140, 170. One can see the change of the
distribution shape near beginning of a discrete element.

4.2. "On-off" intermittency and power-law
distribution of the intervals

From expressions (1) and (5) one can see, that for the
absolute instability:

A(t) = A(t-T0) {(Fi(t-T0) - Fi+1(t-T0))/ ∆thr}s (Fi(t - TF)
+ Ф) + δA

That is the amplification factor (denoted by λ) is:
λ = {(Fi(t-T0) - Fi+1(t-T0))/ ∆thr}s (Fi(t - TF) + Ф)

(6)
Having introduced a mean particle flux in a given

cell and by expanding this expression into a series, it is
possible to reduce (6) to the form λ = <λ> + dλ, where
<λ> is a constant averae value, dλ is a fluctuation
which dependends on fluctuations of the particle flux in
adjacent cell of v||.

For the cell, which is a boundary between resonant
and nonresonance particles with regard to the
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convective instability, the amplification factor is
determined only by the absolute instability, i.e. equation
(6). However, dλ will depend on the dynamics of
particle flux in an adjacent cell due to convective
instability. As it has been noted in paper [Kozelov et al.,

2002], in such a case it is possible to expect appearance
of  "on-off" intermittency mode that leads to power-law
distributions of time intervals between chorus elements.

a. Ф =1.5

b. Ф =2.

c. Ф =20.

d. Ф =40.
Fig.3. "Dynamical spectrum" for the wave amplitude A in a steady regime for several values of Ф. The vertical axis of

frequencies is the inverted axis of v||. The abscissa axis is time expressed in periods of T0.

Fig.4. "Dynamical spectrum" of particle flux in steady regime for Ф=2, see Fig.3-b. The axes are the same as in Fig.3.
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Fig.5. Averaged distributions of the wave amplitude (a) and particle flux (b) for the case Ф =2, time intervals:

dash-dot line – t=70-100; dashed line - t=110-140; dotted line - t=140-170; solid line - t=170-200.

5. Conclusions
The discrete dynamical model of VLF emissions
generation is presented. The model if based on principal
concepts on generation of VLF hiss and discrete
choruses:

1) the feedback due to bounce-oscillations of the
waves is necessary for hiss generation;

2) at hiss generation a step-like deformation of
particle distribution over parallel velocity is forming on
the boundary between resonant and non-resonance
particles;

3) having achieved a certain threshold, the generation
transfers to absolute instability mode, which depends on
parameters of step-like distribution of the particle flux.

The model allows us to describe such features of
natural VLF emissions, as:

1) Long-period self-modulation of hiss under weak
input fluxes.

2) Increase of maximum amplitude and frequency in
hiss near beginning of a discrete element.

3) Increase of the succession frequency of chorus
elements with increase of hiss amplitude.

4) Power-law distributions of the intervals between
chorus elements.
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